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Abstract—Numerical solutions to the classical Graetz problem in the entrance region of a pipe produce

estimates of the Nusselt number which are greatly in error except when the uniform grid is extremely fine.

leading to huge storage requirements. The use of adaptive grids, it is proposed. will resolve the twin problem

of excessive storage space and inaccuracy of results. Therefore, two adaptive grids using different methqu

of generating the weighting function are developed and tested in this work. One of the adaptive grids

produced results that compared favourably with the exact solution with as few as 11 grid points. With the
uniform grid, as many as 301 grid points would have been required.

INTRODUCTION

TRANSPORT processes commonly encountered in
industrial practice are modelled by equations with
convective transport in a predominant flow direction
(usually axial) and diffusive transport in a per-
pendicular direction. Another possible feature of such
models is a discontinuity in boundary condition
experienced by the fluid in entering the duct. If, for
instance, the entry profiles are uniform and a step
change occurs in the entrance, then boundary layers
characterized by large gradients develop close to the
walls of the duct. Consequently, close to the duct
entrance (the region of interest) either for analytical
or numerical purposes, all we have is a thin layer next
to the walls, since the bulk of the fluid outside this
layer has not felt the presence of the walls. This
behaviour is not limited to the heat transfer problem
as examples are legion even in mass transfer processes.
One such model problem is the hydrodynamically
developed but thermally developing heat transfer to
a Newtonian fluid in a circular duct governed by
the classical Graetz equation. Despite its obvious
simplicity, the Graetz problem has provided useful
guidance in the design of heat exchangers. Of greater
significance is the fact that it has served as a model
problem for testing various solution techniques, since
its solution has been well established [1]. The problem
was first solved by Graetz in 1883 using the separation
of variables technique. He evaluated the first two
eigenvalues and eigenfunctions and since this his-
torical attempt, other innumerable studies have
sought to extend his work by providing more terms
of the series solution. It is well known that even with
121 terms, the series solution does not converge near
the duct entrance. A partial resolution of the difficulty
was suggested by Leveque {2], who employed the ‘flat
vlate’ solution near the singularity at the entrance.

Numerical solution techniques using the finite-
difference scheme have fared even worse. The
extended Graetz problem, which included axial heat
conduction, was solved numerically by Schmidt and
Zeldin [3] using 41 grid points in each coordinate
direction. Deviations of up to 25% were observed in
the local Nusselt number close to the entrance. In
Grigull and Tratz [4], mean Nusselt numbers were in
error by as much as 16% when compared with the
Leveque solutions. A numerical investigation by
Conley et al. [5] revealed that all these efforts failed
because of the inadequate resolution of the thermal
gradients near the duct walls by the coarse grids
employed. As many as 301 grid points were required
to replicate the analytical solution. Such fine grids
would place excessive demands on computer storage
requirements if they were to be employed for problems
of practical and industrial relevance, which often
times are governed by complex transport equations.

A more economic method is evidently desirable.
The occurrence of large gradients near the wall sug-
gests that grids should be appropriately concentrated
in this region, thus placing available computing power
in an area where it is desired most. Since the extent of
this region is not known a priori, the grid placement
method to be adopted must possess an in-buiit mech-
anism for delimiting the region. In addition, since
such problems are often times evolutionary in nature,
usually spatially, grid point deployment must be
altered in response to the changes in the numerical
solution from one duct location to the next. The
adaptive grid method, which is increasingly gaining
attention in computational fluid dynamics research,
seems to be an attractive option worth investigating.

The adaptive grid method dynamically con-
centrates grid points in regions of rapid variation of
solution by equidistributing some weighting function
of the solution. The weighting function is normally
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NOMENCLATURE
C, heat capacity W, weighting function at grid point {
k thermal conductivity X axial coordinate
Nuy. local Nusselt number X*  axial coordinate, (x/2r,)/Pe
Pe Peclet number, 2r,pC u./k [dimensionless]
r radial coordinate = coordinate function, (1— R)*9X*.
ro tube radius

R radial coordinate, r/r, [dimensionless]
R, radial coordinate at grid point i

T temperature

T, entrance temperature

T. wall temperature

u velocity

Uy mean velocity

Greek symbols

2 thermal diffusivity, pC,/k

< radial coordinate

n axial coordinate

0 temperature [dimensionless]

Oy bulk temperature {dimensionless]
P density.

chosen to reflect the solution gradient and the varied
forms of the weighting function, their weaknesses and
merits can be found in Thompson et al. [6].

In the present study, the Graetz problem will be
solved using three different grid types—two adaptive
grids and the regular uniform grid. The first adaptive
grid will be constructed from a solution known a
priori and available analytically. The Leveque solu-
tion has been selected for this purpose and it needs to
be mentioned that in the strictest sense, the grid thus
obtained is not adaptive. The second adaptive grid is
generated from the numerical solution to the Graetz
problem and is thus truly adaptive. The three grid
types will be compared in terms of accuracy of
solution, storage and CPU time requirements.

ANALYSIS

The problem to be investigated is the entrance
region laminar heat transfer to viscous incompressible
constant property Newtonian fluid flowing in a cir-
cular tube with a fully developed entrance velocity
profile. The fluid enters the duct with a uniform tem-
perature 7, while the duct wall is maintained at 7,
which is different from the entrance value. Such effects
as viscous dissipation, internal heat generation, axial
heat conduction and natural convection are assumed
to be negligible. With the foregoing assumptions, the
thermal energy equation and the boundary conditions

are
1 ¢ cT cT
-.i(ri—)Ji— (1a)
rcr cr o2 CX
T
T(r,0)=T,; T(re,x)=T, and E(O’x)=0'

(Ib)

To render the equations non-dimensional, we intro-
duce the following variables and substitute for the

parabolic velocity profile :

R=r/r,
T-T,

0 = l
T.—-T,

X* = (x/2r,)/ Pe

to obtain
22 (RO) e OO ,
ReR\7R )= U="Ram (2a)
cH
O(R,0)=1.0; O(1,X*)=0 and C:TQ(O,X*)z().

(2b)

Equation (2a) is parabolic with the axial coor-
dinate serving as a time-like coordinate. Whereas the
radial coordinate is delimited, the axial coordinate is
unbounded and can therefore, in principle, span the
infinite domain. Numerically, however. a limit needs
to be imposed. Usually, computation is discontinued
when changes in a gross property (e.g. .Vu,.) become
insignificant. Since the solution at the entrance is
known (from the entrance condition) to initiate the
numerical solution, an axial step is taken and the
equation solved at that location. We proceed to the
next location and the procedure is repeated. In view
of all these and the fact that the boundary layer
develops in the radial direction, grid adaption need
only be effected radially. Cognizance must, however,
be taken that the radial coordinate now becomes
dependent on the axial coordinate and equation (2a)
modified accordingly.

Since it is more convenient to solve equation (2a)
with uniform spacing, let the (R, X'*) coordinate be
transformed to the ({, ) coordinate such that variable
spacing in (R, X*) corresponds to uniform spacing in
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(¢, ). Hence

o _60 do +Q _di_ﬁ dR (3a)
axX*\ o), dx* " anl ORly- dX*
a6 o0l (& 0 an)
dR P EE n(—a—é) . * (a'l>c (5R . (30)
and
Rl a0 a0 020
Wlx = ’:’”‘a_c” +"Rkﬁc +2CR"RH
80 ,0°0
+CR acz +"R ar, (3C)
Using the following relationships:
1
R=p (4a)
. _—Ry
SRR R;’ > (4b)
Mg = R,
—-R
Hrr = _le". 4d)

equations (2a) and (2b) become, after substitution
and rearrangement

2 2R, % (=R 2)dR
Efe}——ég__( Ryaee t R; acq

2 Ry | o dn (=R dR1 20
&R, R ¢ axe TR, dx*| an|
4 20 2090 2%
YRR, a;an+R—gbZ—l+R2 e =0 G
0(,0) = 1.0, 0(C(R=1),X*) = ’6C(1 ,X*) =
(5b)

Equation (5a) is the Graetz problem written in
generalized coordinates, but in this study, interest is
restricted to the case

=n(R,X*) = n(X*) = Xx*
{={RX*)={R)

(62)
(6b)

whence equation (5a) becomes
2 8%0

2 2R (-RY dR) () | 2 0%
RR._ B TR aiy\i) TRT
a0
- _R2
= R)(ax*);' U
Grid adaption

The essence of most adaptive grid methods is the
equidistribution, over a field, of some weighting func-
tion w(R) and, for a one-dimensional problem, this
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can be stated mathematically as

Rwl
J w(R) dR = constant (8a)

R,

or
(8b)

where AR, is the grid interval and subscript / denotes
the grid point number. From equations (8a) and (8b),
it is obvious that if the solution gradient is chosen as
the weighting function, then wherever it assumes a
large value, the grid interval will be small and vice
versa. By construction, the { coordinate can be made
to take on integral values such that A =1 and the
maximum value of {, i.e. M, is equal to the total
number of points. Consequently

AR = RA. = R; ©)

AR,w; = constant

so that equation (8b) becomes
R;w = constant = C. (10a)

To evaluate the constant, we rewrite equation (10a)
as

= (106)
and integrate to obtain
l 1
M- =EJ;wdR (11a)
or
1 i
=2=1 ), wdR. (11b)

The general equation for the grid locations R; then
follows:

R, 1 R;
f CRdR'—'—‘J wdR (12a)
(¢] C 0

or

i-1 [ &
Ty L w(R) dR = L w(R) dR

(i=2,3,...,M—1). (12b)

The coordinate transformation equation (12b) is in
general coupled with equation (7a) rendered in dis-
crete form and both equations have to be satisfied
before proceeding to the next axial location.

Choice of weighting function

Case a: uniform grid. When the weighting function
is set to 1, we recover the uniform grid.

Case b : adaptive ( Leveque) grid. Here the weighting
function w(R) is chosen to be the thermal gradient
80/3R with 0 given by the Leveque solution, i.e.

’_J
e 7 do

1
=Tan) f (13)
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where ¢ = (1—R)/(9X*)'
becomes

Equation (12b) then

'_l =3
e~ dR

Rl
-zl R='——~'
Le dR =317 ),

To evaluate the integrals, we first make a change of
variable from R to &, and subsequently set &* = y to
obtain

(1—R) 9x* 19X+
-1 y e dy— ¥y e dy]
0 0

1 9x*

(14)

i1
T3M-1)
or
0G, (1-R)’/9X)

| M—i . L 1oy
= T(h— =7 (F(H=0(%. 1/9x*)
(i=23.....M=1) (15b)

where the Q(a, z) function is given by

Qla,z) = J e v 3 N dy. (16)
For 0 < X* < 10* which is the range of interest,
004, 1/9X*) « T'(}); hence equation (I13b) can be
rewritten as

-
ok (1-Ry XM =T()- EEDT(h 7w
or
2 0= Ryjoxm) = M=y
(=23 ..., M—1) (17b)
where

v(a,z) = L ey tdy = Ia)—Q(a,z).

Equation (17b) is a non-linear equation in z or (R;)
and substituting for the y(a, =) function, it becomes
(M—-i)

M—1

« (_l)k:(llwk

Z t¢ld

<o kK!G+K)
(i=23,....M=1)

= 2.678939

(18)

If we employ the Newton-Raphson method. the iter-
ation equation at the n+ 1 level will be given by

Stk 1y = Zim
&=t (M—i)
[,Eo k(3 +k) 2.678939 M-—1
- x (_l)sz:n—)lzsz)
k=0 k!

(19)
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Case ¢. conventional adaptive grid. The weighting
function is chosen to be

w=1+B|CO/CR|/1CO/CR |ra (20)

where f§ is a constant taken as 1.0 in this work.

Method of solution

A standard grid network with the dependent vari-
able stored at each grid point is laid out on the com-
putational domain having a uniform radial spacing of
A; but variable spacing in R. In equation (7a), a
second-order central difference scheme is employed in
approximating all partial derivatives in the radial
direction and the upwind scheme for the first-order
derivative in the axial direction. The scale factors R,
R.. and the variable radial spacing R are evaluated
from the coordinate transformation equations. For
the uniform grid. the results are straightforward and
there is no coupling between the energy equation and
the coordinate transformation equation. However,
this is not true for the two adaptive grids. In the case
of the adaptive (Leveque) grid, equation (19) is
solved iteratively for z until there is convergence.
Here, the convergence criterion defined as change in
variable during the iteration divided by the previous
value was set to 1075, Twenty-one terms were found
to be sufficient for accuracy in the series for the range
of X* considered. With the =(R,) values, the dis-
cretized form of equation (7a) can then be solved and
we proceed to the next axial location.

With the conventional adaptive grid (case c¢), both
the energy equation and the coordinate trans-
formation equation need be solved simultaneously
since the weighting function depends on 0, which is
not known a priori unlike in the case of the adaptive
(Leveque) grid. The implementation of the method
is initiated on a uniform grid which provides rough
estimates for the thermal gradients across the radial
domain. The location where there is a large change in
thermal gradient is assumed to define the boundary
layer. This region is next subdivided uniformly and the
energy equation solved. With the thermal gradients at
these new grid locations, the coordinate trans-
formation equation can now be solved for the R;s.
Associated with these Rs are new values of tem-
perature f; therefore there is need for iteration which
is discontinued when the R;s do not change appre-
ciably. At this point, we can proceed to the next axial
location and the procedure can be repeated.

Upon obtaining the temperature profile, we cal-
culate two quantities of special interest, the dimen-
sionless bulk temperature 8, and the local Nusselt
number Nu,.. To evaluate 6,. the energy equation is
integrated over a control volume of thickness AX™* to
give
0,(X*) = 0,(X*~AX™)
é0
CR

X" &0
k=1 R

(X*—Ax™)
](mm

R=1

waxe|
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while Niiy. is obtained from
e
—2.=
6R\R I
Nuy. = (21b)
6,

For the purpose of comparison, the thermal gradient
in equations (21a) and (21b) was evaluated numeri-
cally using the 2-point, 3-point and 5-point rules. The
0, and Nu,. values so obtained have been designated
accordingly.

RESULTS AND DISCUSSION

and Nuy. as obtained from the

different grids considered in this study are presented
in Tables 1-9. The computation in each case was
initiated with an axial siep size AX* of 10”7 and for
each order of magnitude change in X*, a cor-
responding change in AX™* was made. The results of
Shah and London [1], also included in the tables,

The values of 8,

were ohtainad from analvtical solution of Levegue's
were ootained irom anaiytical soiution of Leveque s
problem.

In Tables 1-3, the size of the uniform grid is varied
to determine the optimum size for accurate values of
the gross properties 0, and Nuy.. The size so obtained
is then used to assess the storage and CPU time
requirements for the adaptive grids. With M = 21,
the 6, and Nu,. values are greatly in error even at
x*
the entrance. In addition, the value of Nuy. is depen-
dent on the expression employed in approximating
the thermal gradient ; the arbitrariness so introduced
further attests to the unsuitability of this grid size.
When the number of radial grid points is increased to
101, the results are still unacceptable, even though a
noticeable improvement in the accuracy of the results
is obtained. Further refinement of the grid (M = 301)
produces results which can be considered accurate
enough for the purpose of comparison. Therefore,
this grid size is appropriately assigned a factor of

1N=9% oo owlfnl mamacdioata cr fBalameler Son £ o
1V , &Il dailal COO0rdInalv >suineicuuy iar 1roi

Table 1. 8, and Nuy. from the uniform grid at X* = 10~*

umocr O
21 101 301 Shah and London (1]

oY 0.9998 0.9994 0.9993 0.9994
o 0.9998 0.9992 0.9993 0.9994
o 0.9997 0.9991 0.9993 0.9994
Nu@ 39.6725 110.0190 109.2110 106.5380
Nu? 59.3469 130.5790 109.8190 106.5380
Nuid 82.0273 116.3660 108.7670 106.5380
Storage factor 0.684 0.774 1.0 —

CPU time factor 0.208 0.457 1.0 —

Table 2.

8, and Nuy. from the uniform grid at X*

U

Number of grid points
Ok Pty

21 101 301 Shah and London [1]
2 0.9985 0.9970 0.9969 0.9971
oy 0.9977 0.9967 0.9969 0.9971
& 0.9969 0.9968 0.9969 0.9971
Nui@ 36.9692 50.1998 50.0394 48.9140
A 53.9836 50.9346 49,9938 489140
Nui 71.4184 49.2084 49.9557 48.9140
Storage factor 0.684 0.774 1.0 —
CPU time factor 0.198 §.451 10 —

Table 3.

8, and Nuy. from the uniform grid at X*

1074

Number of grid points

21 101 301 Shah and London [1]

g 0.9881 0.9860 0.9860 0.9866
a5 0.9840 0.9857 0.9860 0.9866
a> 0.9815 0.9859 0.9860 0.9866
Nui? 23.4032 22.8911 22,8155 22.2750
Al3) 21 AALK 29 9900 29 7707 A% aen
ividye U TTUD &&r0&00 ok i T T ks I U
Nui? 26.2373 22.7749 22.77175 22.2750
Storage factor 0.684 0.774 1.0 —

CPU time factor 0.194 0.449 1.0 —
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unity for storage and CPU time requirements. The
percentage error in Nuy. from X* =10-° to 104
averages about 2.4% and is never greater than 3%
with Shah and London’s results used as bases.

In Tables 4-6, the results from the adaptive
(Leveque) grid (ALG) and adaptive grid (AG), both
with 11 nodal points, and the uniform grid (M = 301)
are presented. At X* = 10~ the two adaptive grids
produced the same values of 8, which are not different
from that obtained by Shah and London ; however, the
Nuy. from the ALG is in error by about 12.5%, the
AG by less than 1.5% and the uniform grid by 3%.
It is noteworthy that the storage and CPU time

A. LawaL

requirements for the adaptive grids are significantly
less than those for the uniform grid. As X* increases,
there is a marginal decrease in the CPU time require-
ments but the error in Nuy. still remains substantially
high for the ALG (13% at X* = 10~ % and 14% at
X* = 107" and low (~1.5%) for the AG, with the
AG consistently performing better than the uniform
grid. The axial variation of Nuy. for the different grids
is indicated in Fig. 1 while sample radial profiles of
temperature are as shown in Figs. 2(a) and (b).
When the number of adaptive grid points is
increased to 21, the results of Tables 7-9 indicate
some slight improvement in the accuracy of the ALG

Table 4. 0, and Nuy. from the adaptive grids at X* = 10-°

Adaptive
(Leveque) Adaptive Uniform
grid grid grid
Number of grid points
Il 11 301 Shah and London (1]

o> 0.9993 0.9993 0.9993 0.9994
118 0.9993 0.9993 0.9993 0.9994
6> 0.9993 0.9993 0.9993 0.9994
Nu! 119.9830 107.6120 109.2110 106.5380
Nu! 120.0110 108.0150 109.8190 106.5380
Nuy) 119.8900 107.6130 109.7670 106.5380
Storage factor 0.726 0.771 1.0 —
CPU time factor 0.762 0.826 1.0 —

Table 5. 8, and Nuy. from the adaptive grids at X* = 10~°

Adaptive
(Leveque) Adaptive Uniform
grid grid grid
Number of grid points
11 1 301 Shah and London [1]

o 0.9966 0.9970 0.9969 0.9971
o 0.9966 0.9969 0.9969 0.9971
6y 0.9966 0.9970 0.9969 0.9971
Nu@ 55.2732 49.6474 50.0394 48.9140
Nu? 55.2263 49.7108 49.9938 48.9140
Nui? 55.1709 49.4996 49.9557 48.9140
Storage factor 0.726 0.771 1.0 —
CPU time factor 0.754 0.821 [.0 —

Table 6. 8, and Nuy. from the adaptive grids at X* = 107+

Adaptive
(Leveque) Adaptive Uniform
grid grid grid
Number of grid points
11 11 301 Shah and London (1]

o 0.9846 0.9863 0.9860 0.9866
o> 0.9846 0.9863 0.9860 0.9866
% 0.9846 0.9864 0.9860 0.9866
Nu@ 25.5037 22.0526 22.8155 22.2750
N2 25.4215 21.9997 22,7797 22.2750
Nui? 25.3955 21.8975 22.7775 22.2750
Storage factor 0.726 0.771 1.0 —
CPU time factor 0.753 0.820 1.0 —
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120 —3
~——— Uniform grid 21 . /
10  —e— Uniform grid 101 Ny 7
— —— Uniform grid 301 . /
----- Adaptive (Leveque ) grid 11 * A7

— - — Adaptive grid 11

Nu(®)
x&

2x 104 5x 104

L

105 5x 105

/x*

2x10% 106

FiG. 1. Axial distribution of Nuy. for the different grids.

results, with Nu,. being in error by about 8%, a value
which can still be considered unacceptably high. While
the storage requirements continue to be far less than
those for the fine uniform grid, significantly more
CPU time is now required, especially for the AG.
Based on the above results, the conventional adaptive
grid is recommended. The results of the present exer-
cise clearly indicate the gains that can be realized
from the judicious use of grid points through adaptive
gridding. While the storage requirements have been
drastically reduced through the use of fewer grid

(a) 10
.'T.\\\
R N
., ~
. ~
.. \
. ~N
.. J
098} N
.. Y
., \\
R . \
— ALG11 ‘. !
——— AG2l .
096  ---° UG2L e
xi - |0-6 -‘
0.94 ] { ! 1 K
0 0.2 0.4 0.6 0.8 1.0
8

points, the accuracy of the numerical results has not
suffered, in fact a considerable improvement has been
recorded for this one-dimensional problem.

If the results are extended to two dimensions, the
storage reduction will be approaching about 50%, a
value which is quite substantial. There is, as expected,
an optimum number of grid points beyond which no
noticeable improvement in the results is achieved. For
the problem under consideration, 11 grid points seem
to suffice if the conventional method of generating
adaptive grids is adopted. Associated with this opti-

(b) 1.0
\
N
-~
>
“‘
)
0981 D
..\
o\
I
o\
R N
BN
..\
— — ALG2I .\\
L)
096F ——— AG2l ‘e
cees UG2I o\
o.\
» - '\
X*=10" A\
)
5
3
0.94 1 J ] I o
0 0.2 04 0.6 0.8 1.0
)

Fi1G. 2. (a) Radial temperature profiles for the different grids at X* = 10~¢. (b) Radial temperature profiles
for the different grids at X* = 10-°.
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Table 7. 8, and Nuy. from the

WAL

adaptive grids at X* = 10~°

Adaptive
{Leveque) Adaptive Uniform
grid grid grid
Number of grid points
21 21 301 Shah and London {1}
o 0.9993 0.9993 0.9993 0.9994
> 0.9993 0.9993 0.9993 0.9994
o 0.9993 0.9993 0.9993 0.9994
Nui@ 114.6150 109.636 109.2110 106.5380
Nu 114.5790 109.622 109.8190 106.5380
Nuid 114.5620 109.569 109.7670 106.5380
Storage factor 0.739 0.784 1.0 —
CPU time factor 1.474 2.005 1.0 —

Table 8. §, and Nuy. from the adaptive grids at X* = 10~*

Adaptive
(Leveque) Adaptive Uniform
grid grid grid
Number of grid points
21 21 301 Shah and London {1}
o 0.9968 0.9969 0.9969 0.9971
o 0.9968 0.9969 0.9969 0.9971
S 0.9968 0.9969 0.9969 0.9971
Nui@ 52.5613 50.2486 50.0394 48914
N 52.5162 50.1956 49.9938 48914
Nui? 52.5086 50.1822 49.9557 48914
Storage factor 0.739 0.784 1.0 —
CPU time factor 1.470 2.138 1.0 —

Table 9. 6, and Nuy. from the adaptive grids at X* = 10~*

Adaptive
(Leveque) Adaptive Uniform
grid grid grid
Number of grid points
21 21 301 Shah and London (1]
o> 0.9853 0.9860 0.9860 0.9866
> 0.9854 0.9860 0.9860 0.9866
6> 0.9854 0.9860 0.9860 0.9866
Nu® 24.1119 229514 22.8155 22.2750
Nud 24.0627 22.8926 22.7797 22.2750
Nui! 24.0594 22.8773 22.7775 22.2750
Storage factor 0.739 0.784 1.0 —
CPU time factor 1.473 2.181 1.0 —

mum is a CPU time considerably less than that for a
uniform grid of the same accuracy. Above this opti-
mum value, the CPU time increases considerably.
However, the most important consideration is not the
CPU time but the storage requirement, as happens
when for example a micro-computer with limited
storage space is all that is available to the user.

CONCLUSIONS

An adaptive grid with the weighting function gen-
erated through the conventional method has been suc-

cessfully developed. With as few as 11 grid points.
numerical results having better accuracy than a uni-
form grid of 301 grid points have been obtained.
Consequently, storage requirements have been
reduced and an extension to two- or three-dimen-
sional problems, which is straightforward, will result
in even greater reduction. While the CPU time re-
quirement is usually not an important consideration
when the situation calls for fewer grid points, it has
been observed that this factor is not increased by
adaptive grids unless the optimum number of grid
points is exceeded.
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METHODE DE GRILLE ADAPTATIVE POUR LES EQUATIONS DE CONVECTION ET
DIFFUSION

Résumé—Les solutions numériques du probléme classique de Graetz dans la région d’entrée d’un tuyau
donnent des estimations du nombre de Nusselt qui sont trés erronées sauf quand la grille uniforme est
extrémement fine, ce qui conduit 4 des besoins énormes de mémoire. Alors est proposée I'utilisation des
grilles adaptatives pour résoudre 4 la fois les problémes liés de 1a mémoire excessive et de 'imprécision des
résultats. Par suite, dans ce travail sont développées et testées deux grilles adaptatives utilisant des méthodes
différentes de génération des fonctions de pondération. L’une des grilles donne des résultats qui s’accordent
bien avec la solution exacte avec seulement 11 points. Avec la grille uniforme, il faut 301 points pour
atteindre la méme résultat.

EIN VERFAHREN MIT ANGEPASSTEM GITTER FUR KONVEKTIONS-DIFFUSIONS-
GLEICHUNGEN

Zusammenfassung—Numerische Lsungen fiir das klassische Graetz-Problem im Eingangsbereich eines
Rohres fithren zu Abschdtzungen fir die Nusselt-Zahl, die mit einem groBen Fehler versehen sind. Dies
kann bei Wahl eines gleichmaBigen, extrem feinen Gitters vermieden werden, was jedoch zu einem riesigen
Speicherbedarf fiihrt. Die vorgeschlagene Verwendung eines angepaBten Gitters 10st das Doppelproblem
eines riesenhaften Speicherbedarfs und einer Ungenauigkeit der Ergebnisse. Daher werden zwei angepaBte
Gitter entwickelt und getestet, die unterschiedliche Verfahren bei der Generierung der Gewichtungsfunktion
verwenden. Eines der angepaBten Gitter liefert Ergebnisse, die bei Verwendung von nur 11 Gitterpunkten
recht gut mit der exakten Ldsung Gbereinstimmen. Bei Wahl eines gleichmaBigen Gitters hétte man 301
Gitterpunkte bendtigt.

METOO AJANTHUBHBLIX CETOK AJIA YPABHEHUNA KOHBEKUHMH H JUOOY3IHH

Aunoramus—YncicHHbIC PCUICHHA KIacCHIeCKOH 3amauu I'peTiia Ans BXOAHOTO ydacrka TpyOm ros-
BOMISIOT MOJNYYHTH olieHkH 4ucna HyccenpTa, KOTOpBIE MMCIOT MOTPEIIHOCTH BO BCEX CIYdasx, 3a
HCKJTIOHCHHEM MENKONYEHCTOR CETKH NOCTOAHHOTO pa3Mepa, 4TO BbI3bIBACT HeobxoaumocTh Goasworo
obbema namsTu. [Ipeanonaraercs, ¥T0 HCNOIL3OBAHHE ANANTHBHLIX CETOK Pa3pelluT npobiaemy 60.1n-
woro 06peMa NaMATH K HETOYHOCTH Pe3yibTaToB. C 3T0i NEbIO Ha OCHOBE PA3THYHLIX METONOB OGpa-
30BaHMA BecoBodl OyHKUMM pa3paboTaHH H MpOBEpeHH! [BE AJANTHBHLIC CeTKH. Pey:ibTarhi,
MOJTY4CHHbIC C HCTIONBL3OBAHMEM OAHON H3 HHX, YAOBRICTBOPHTCALHO COT/IACYIOTCH C TOYHBIM peIICHHEM
ans 11 Toaex ceTx. [Uist CCTEH NOCTOAHHOrO pasMepa HeoGxoammet 301 Tovex.



